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What is longitudinal data?

Time-series data that consist of

» Multiple subjects
» Each subject measured
repeatedly over time

Observations have correlations
» Within a subject
» Across multiple subjects

Longitudinal data typically have
» High number of subjects

» Low number of
measurements per subject
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What models exist?

Generalized linear mixed models (GLMM)

=XB+ Zv + € ,
y=XB+ Zv

fixed random random
where v ~ N(0,C) and € ~ N(0,52/)

Interpretable, fast, powerful, good software support



What models exist?

Generalized linear mixed models (GLMM)

=XB+ Zv + _€e_,
Y=ot
fixed random random
where v ~ N(0,C) and € ~ N(0,52/)

Interpretable, fast, powerful, good software support

Several other models:

» GAMs, local polynomials, splines, hierarchical Bayesian models, Gaussian processes,
Gaussian process ANOVA, etc.



LonGP and Igpr models
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Additive Gaussian processes for longitudinal data

For several existing longitudinal models:

1. The model for the unknown function is
additive:

f(x) = fFOx) +... 4+ FI(x)

2. Each fU)(x) depends only on a small
subset of variables



Additive Gaussian processes for longitudinal data

For several existing longitudinal models: We assume that each additive component has
an independent Gaussian process (GP) prior

1. The model for the unknown function is

additive: f(f)(x) ~ GP(O,afkj(x,x’ ‘ 9(1)))7

F(x) = FOX) + ...+ FO(x) thus
J

, ) ,
2. Each fU)(x) depends only on a small f(x) ~ GP | 0, ZO‘j ki(x,x" | 609)
subset of variables Jj=1



Kernel functions for longitudinal data

» Shared effects: the squared exponential » Nonstationary shared effects: SE kernel
(SE) kernel with monotonic nonlinear input warping
» Category effects: product of the zero-sum » Individual random effects

and SE kernels
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Kernel functions for disease effect
Function draws, f ~Normal(0, K)

A. Non-stationary kernel kns(+) for the :
. >rationary 9 , | |—
diseased individuals
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Kernel functions for disease effect

A. Non-stationary kernel kus(-) for the
diseased individuals

Function draws, f ~Normal(0, K)

B. Variance masking: zero variance prior to
disease onset

kum (%, X" | @, €) = £3,(x)- £ (X)-kns(x, X | 2, £)




Kernel functions for disease effect

Function draws, f ~Normal(0, K)

A. Non-stationary kernel kns(+) for the :
. >rationary 9 . | |—
diseased individuals

B. Variance masking: zero variance prior to
disease onset

kom (%, X" | @, £) = f3.(x)- (X" ) kns (x, X" | 2, £) 1

C. Heteregeneous vm kernel: different
disease effect magnitude 8 = [f1,. .., 0q]
for each case individual ' % =

/Bqﬁq’ . kvm(XdisAge7Xc/“SAge | aygdisAge) 0 12 24 3 48 0 12 24 36 48 0 12 24 36 48
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Bayesian inference and covariate relevance

Robust prior specifications
» Orernel: all kernel (hyper)parameters
» O,ps: params. of the observation model
» Oother: Other parameters (input uncertainty etc.)



Bayesian inference and covariate relevance

Robust prior specifications

» Orernel: all kernel (hyper)parameters
» O,ps: params. of the observation model
» Oother: Other parameters (input uncertainty etc.)

Dynamic HMC sampler (Stan) to obtain posterior samples {0(5)}; and {f(f’s)}f:1
» Sample the full model that includes all covariates / additive kernels



Bayesian inference and covariate relevance

Robust prior specifications

» Orernel: all kernel (hyper)parameters
» O,ps: params. of the observation model
» Oother: Other parameters (input uncertainty etc.)

Dynamic HMC sampler (Stan) to obtain posterior samples {0(5)}; and {f(f’s)}f:1
» Sample the full model that includes all covariates / additive kernels

Covariate relevance assessment: decomposition of variance



Longitudinal plasma proteomics from a T1D case-control study
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Longitudinal plasma proteomics from a T1D case-control study
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Comparison against LMM
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Detection of heterogeneous effects
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Detection of heterogeneous effects
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Scalability

Scalable mixed-domain Gaussian processes

Juho Timonen' and Harri Lahdesmiki®

! Aalto University, Department of Computer Science



Software
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Getting started

See Overview, Tutorials and Documentation.

Links

Download from CRAN at
https:/cloud.r-project.org/
package=lgpr

Browse source code at
https://github.com/jtimonen/igpr/
Reportabugat
https:/github.com/jtimonen/igpr/
issues

License
GPL(>=3)
Community
Contributing guide
Citation

Citing Igpr
Developers

Juho Timonen
Author, maintainer ©

Dev status

14/42



L-VAE model

Longitudinal Variational Autoencoder

Siddharth Ramchandran® Gleb Tikhonov! Kalle Kujanp#a!
Miika Koskinen?3 Harri Lahdesmaki!



Deep latent variable models

Generative models of the form 3

z ~ py(2)

y ~ Expfam(y | dy(2)) w

Amortized variational inference with g4(z | y) ‘
(auto-encoding variational Bayes) 3

K J

When ¢ and v are neural nets, the model is
called the variational autoencoder (VAE)

latent space

https://ijdykeman.github.io/ml/2016/12/21/cvae .html


https://ijdykeman.github.io/ml/2016/12/21/cvae.html

Conditional deep latent variable models

Conditional generative models of the form

“H%%HHH“

z~ py(z | x)
y ~ Expfam(y | dy(z,x))

and amortized variational inference with
qs(z | y,x)

Limitations of VAEs and cVAEs

[
1. The model assumes that the data samples ﬁ i f

are independent

2. Real-world data contains missing values

latent space

3. Real-world data can be multi-modal

https://ijdykeman.github.io/m1/2016/12/21/cvae.html


https://ijdykeman.github.io/ml/2016/12/21/cvae.html

Deep latent variable models:
Longitudinal, missing and multi-modal data



Multi-output additive GP prior

The L-dimensional latent z has a vector-valued additive model, conditioned on x
z = fO(x) + fO(x) + ... + fR(x) + diag(c?,,...,03),

where each
f)(x) ~ GP(0,K"(x,x'|))

with a matrix-valued (L x L) cross-covariance function K(")(x,x’|0)



Multi-output additive GP prior

The L-dimensional latent z has a vector-valued additive model, conditioned on x
z = fO(x) + fO(x) + ... + fR(x) + diag(c?,,...,03),

where each
f)(x) ~ GP(0,K"(x,x'|))

with a matrix-valued (L x L) cross-covariance function K(")(x,x’|0)
Thus
R
z~ GP <0, Z K (x,x'|6) + diag(c?,, . .. ,03,_))

r=1



» Shared effects: the exponentiated
quadratic (EQ) kernel

» Nonstationary shared effects: EQ kernel

Kernel functions for longitudinal data

» Category effects: product of the zero-sum

with monotonic nonlinear input warping

and EQ kernels

» Individual random components
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High-dimensional, correlated data

Data:
Y = [yla'-'7yN]T:[YlT,...,Y";r]T
X: [le'onaxN]T: [X]_T,...,XPT]T

Z = [21,...721\/]7—: [z1,...,21]

D-dimensional data
Q-dimensional covariates

L-dimensional latent



The generative model: L-VAE

Conditional probability for the full dataset (X, Y)

po(Y1X) = [ pul(Y12)m0(Z1X)dZ

N
=/<Hp(ynd¢(zn))> po(Z|X) dZ,
z —_—— | ——

—1
n likelihoods GP prior



Auto-encoding variational Bayes for L-VAE

Amortized variational inference:

N

as(Z|Y) = [[ N (2nl12s(yn), diag(o(yn)))

n=1

where pg and o3 are neural networks



Auto-encoding variational Bayes for L-VAE

Amortized variational inference:

N

as(Z|Y) = [[ N (2nl12s(yn), diag(o(yn)))

n=1

where pg and o3 are neural networks
ELBO objective:

log pu,(Y[X) > L(¢,4,0; Y, X) £ Eq,(z)v) log py(Y|2)] — Dxr(qs(Z|Y)llpa(Z|X))

easy closed form, but slow




Auto-encoding variational Bayes for L-VAE

Amortized variational inference:

N

95(ZIY) = [V (zaliro(yn), diag(a3(yn)))

n=1

where pg and o3 are neural networks
ELBO objective:

log pu,(Y|X) 2 L(6,9,0; Y, X) = Eq,(z]v) log pu(Y|2)] = Dk(as(Z]Y)llps(Z|X))

easy closed form, but slow

> A novel and provably tighter evidence lower bound for longitudinal GPs (— upper bound
for the KL)

» A novel mini-batch compatible KL upper bound



Autoencoder view of L-VAE

1
Y Z Y
Data Latent space
T F Multi-output additive GP prior E
b L L p,(Y12) I-
L R o
nl ‘v_.‘.'»

l\HHH

“\
N

=F -

id angle

Encode R ) Decode
Gp (o, Z KDOx®, x @] 90)
n, i

=1l

Auxiliary covariate N " Prediction
information X

N (total)




The Health MNIST experiment

Our model prediction [R3

GP-VAE prediction
[Fortuin et al., (2019)] 3

True image

» Simulated longitudinal data using MNIST
dataset

» Train: P = 1000 unique instances
(N = 20000)

» @ = 6 covariates: id, age, diseasePresence,
diseaseAge, sex, and location

> Test: 100 additional instances: given time
points [—10,..., —6], predict [-5,...,9]



The Health MNIST experiment

NLEELLIHIOYNIg-10 9 8 -7 6 5 4 3 2 -1 0 1
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EE

Data 4 R
e [ SRR R R R
(Fortin et o, 2019) B :
True image
» Simulated |0ngitud inal data using MNIST Table 2: MSE from performing future predictions (i.e.,

from time [-5, 9]) on the Health MNIST dataset. The
dataset . ; ective s d errors
values are the means and respective standard errors.

» Train: P = 1000 unique instances Model Latent dimension MSE
GPPVAE 64 0.057 £ 0.003

(N = 20000) GP-VAE 64 0.059 = 0.002

. . . . VRNN 64 0.049 + 0.004

> Q = 6 covariates: id, age, 'd/seasePresence, BRITS N/A 0.047 % 0.004
diseaseAge, sex, and location GRUL-GAN 64 0.053 % 0.007

.\ . . . L-VAE 8 0.038 £ 0.003

» Test: 100 additional instances: given time L.VAE 16 0.033 + 0.0018

points [—10,..., —6], predict [-5,...,9] L-VAE 32 0.025 + 0.0015




The Physionet 2012 experiment

vvyVvyy

v

Predict in-hospital mortality of ICU patients
Train: P = 3997 individuals (N = 191856)
Test: P = 3993 individuals

D = 35 features: glucose level, blood pressure,
temperature, ...

Q = 9 covariates: id, time, ICUtype, height,
weight, age, sex, mortality, mortality Time



The

vvyVvyy

v

Physionet 2012 experiment

Predict in-hospital mortality of ICU patients
Train: P = 3997 individuals (N = 191856)
Test: P = 3993 individuals

D = 35 features: glucose level, blood pressure,
temperature, ...

Q@ = 9 covariates: id, time, |CUtype, height,
weight, age, sex, mortality, mortalityTime

Model-based prediction for mortality

_ exp(L1)
exp(Lo) + exp(L1)’

where L; = L(¢, 9, 0; Y, Xi, mortality = /) for
i={0,1}

©,: f(id) + f (time) + £ (mortality x time) + £ (sex xtime) + £ (id x time)

0,: 1 (id) + £ (time) + £ _(mortality xtime) + £, _(sexxtime) + £ _(ICUtype xtime) + £, _(id x time)

0, f(id) + £ (time) + £, __(mortality xtime) + £ _(sexx time) + £, (ICUtype x time) + £, _(id x time)
+F,(mortality x mortalityTime)




Randomized clinical trial (RCT) analysis

v

Predict appearance of adverse effects (AE) in
RCTs (colon cancer treatment)

P = 480 subjects (N = 6605)
D = 30 features: lab measurements and vitals

Q@ = 24 covariates: demographics, adverse
effects, medication



Randomized clinical trial (RCT) analysis

» Predict appearance of adverse effects (AE) in

RCTs (colon cancer treatment) Adverse effect (AE) AUC
» P = 480 subjects (N = 6605) Skin appendage conditions 0.970
» D = 30 features: lab measurements and vitals General system disorders nec 0.945

Gastrointestinal signs and symp. 0.900

Q = 24 covariates: demographics, adverse Gastrointestinal mot. & def.cond. | 0.871

effects, medication

White blood cell disorders 0.901

» Model-based prediction for adverse effects Oral soft tissue conditions 0.966
exp(Ly) Neurological disorders nec 0.908

P, = il PLo e Respiratory disorders nec 0.978

exp(Lo) + exp(L1) Appetite and GND 0.915

where L; = £(6,,0; Y., X, AE = i) for Infections - pathogen unspec. 0.873

i={0,1}



Deep latent variable models:
Longitudinal, missing and multi-modal data



Learning conditional VAEs with missing covariates

Many real-world datasets contain missing
values

» Missingness in features y

» Missingness in covariates x



Learning conditional VAEs with missing covariates

Goal: learn conditional VAE models

Many real-world datasets contain missing from partially observed datasets that
values contain missing values also in the
> Missingness in features y auxiliary covariates x

» Missingness in covariates x
For each data sample (x,y) any subset of the
covariates x and observed variables y
may be missing completely at random (MCAR)

=(y°y")
(Ye,y"

x = (x%,x") y
X = (X°, XY %



The model

Augment the generative model with a prior
distribution for x, px(x)

Pu(¥,2,%) = py(y | 2)pa(z | x)pa(x)

Covariates x contain both discrete and
continuous variables

» Amortised variational approximation for x"

» Maximize the ELBO while simultaneously
marginalising uncertainty associated with
the missing covariates



The model

Augment the generative model with a prior
distribution for x, px(x)

Pu(¥,2,%) = py(y | 2)pa(z | x)pa(x)

Covariates x contain both discrete and
continuous variables

» Amortised variational approximation for x"

» Maximize the ELBO while simultaneously
marginalising uncertainty associated with
the missing covariates

The ELBO with missing covariate

log p.,(Y°|X?) = L(, 9,0, A Y7, X?)
= Eqllog py(Y°|2)]
— KL[gy(Z, X"|Y?, X°)llpo.A(Z, X" X?)]

Dkr

where

Dxr. = Eq [KL[qo(Z]Y?, X)||pa(Z|X", X°)]]
+ KL[ge (X" X)|pA(X")]

Mini-batch compatible scalable computation



VAE model overview

s X 3 b
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2 intensity, time -2

GP Prior
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Time-series MNIST dataset

Manipulated digits from the MNIST
dataset

» digit rotation

» shift along diagonal
» image intensity

> [time]
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NLL for test predictions

Method Dataset Missing %

5% 10% 20% 30% 40%
Temporal L-VAE with mean impute Dataset 3 | 0.19 4 0.008 0.27 £ 0.008 0.39 £ 0.02 0.42 +£0.01 0.56 £+ 0.03
Temporal L-VAE with KNN impute Dataset 3 | 0.17 & 0.005 0.25 + 0.009 0.35+£0.01 0.47 £0.02 0.58 +0.03
Temporal L-VAE with HI-VAE impute Dataset 3 0.14 + 0.004 0.21 £ 0.007 0.29 £ 0.009 0.42 +£0.01 0.51+0.03
Temporal L-VAE with our method { Dataset 3 | 0.12 £ 0.003 0.18 + 0.002 0.23 +0.004 0.35+0.02 0.46 &+ 0.03
Temporal L-VAE with our method Dataset 3 | 0.12 + 0.002 0.19 £ 0.003 0.25 + 0.006 0.38 &+ 0.01 0.44 + 0.02
Temporal L-VAE with oracle Dataset 3 | 0.11 4 0.001 0.16 + 0.003 0.21 +0.007  0.28 + 0.008

0.37 £0.01




MSE in test set covariate imputation

Missing %
Method Dataset
5% 10% 20% 30% 40%
Mean impute Dataset 3 0.75 0.77 0.95 0.97 1.25
KNN impute Dataset 3 0.71 0.74 1.025 1.012 1.35
Temporal L-VAE with our method Dataset 3 | 0.21 £ 0.02 0.22+0.04 0.29+0.06 0.35+0.04 0.68 +0.06




Randomized clinical trial (RCT) analysis

Longitudinal data from a RCT (prostate cancer
treatment) observed over a period of ~2 years
» 184 patients, 1287 data samples
» D = 28 lab measurements as well as vital
signs (Y)

» @ = 23 patient-specific auxiliary covariates

(X)



Randomized clinical trial (RCT) analysis

Longitudinal data from a RCT (prostate cancer Evaluate NLL for test set predictions
treatment) observed over a period of ~2 years o
> 184 patients, 1287 data samples - tx:gif:"ffmmu
» D = 28 lab measurements as well as vital - Egggl(i'ﬁﬁﬁi’mmmm
Signs (Y) 40
» @ = 23 patient-specific auxiliary covariates
(X) Jas
z
25 ““ |
15

5% 10% 20% 30% 40% 0%
Missingness



A Parkinson's Progression Markers Initiative Dataset (Marek et al., 2011)

Longitudinal data from a observational studies
» Approx. 5 year follow-up study
» 545 patients: 371 PD, 174 healthy
» Total 3135 measurements
>

D = 42 features in Y: cognitive tests,
DaTSCAN, cerebrospinal fluid results,
bio-specimen, etc. with ~ 4.8% missing
values

> Q =7 auxiliary covariates (X) with
missingness between 2% and 32%



A Parkinson's Progression Markers Initiative Dataset (Marek et al., 2011)

Longitudinal data from a observational studies Evaluate NLL for test set predictions
» Approx. 5 year follow-up study i
> 545 patients: 371 PD, 174 healthy |
» Total 3135 measurements
>

1.4

D = 42 features in Y: cognitive tests, o
DaTSCAN, cerebrospinal fluid results, 3
bio-specimen, etc. with ~ 4.8% missing
values

> Q =7 auxiliary covariates (X) with
missingness between 2% and 32%

L-VAE with L-VAE with L-VAE with

mean imputation  KNN imputation

L-VAE with
mask

our method



Deep latent variable models:
Longitudinal, missing and multi-modal data



Biomedical data sets are often multi-modal

ICD codes Genotype

o 23




L-VAE model for multi-modal / heterogeneous data (HL-VAE)

We utilize ideas from (Nazabel et al., 2020) for
modeling heterogeneous data
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L-VAE model for multi-modal / heterogeneous data (HL-VAE)

LONGITUDINAL DATA

mmm-.

q,(zly)
Encoder

m o
] GP(O, (;‘;K (X‘ }X'( >| e”))

n(y1z)
Lp Decoder

RECONSTRUCTION

We utilize ideas from (Nazabel et al., 2020) for
modeling heterogeneous data

&

©

DI OEID

39/42



A Parkinson's Progression Markers Initiative Dataset (Marek et al., 2011)

» Approx. 5 year follow-up study

» 545 patients: 371 PD, 174 healthy

» Total 3135 measurements

» D = 80 dimensional measurements (Y)
> Q =7 auxiliary covariates (X)

Configuration
Gaussian Distribution 8
LogNormal Distribution 12
Poisson Distr. 12
Ordinal 12
Categorical 36




A Parkinson's Progression Markers Initiative Dataset (Marek et al., 2011)

Approx. 5 year follow-up study

Non Categorical

545 patients: 371 PD, 174 healthy Dataset L-VAE | HL-VAE |
Future Prediction

10% Missing  0.099 = 0.003  0.086 =+ 0.002
D = 80 dimensional measurements (Y) 20% Missing  0.097 £ 0.001  0.086 = 0.003
30% Missing ~ 0.140.001  0.091 + 0.002
40% Missing  0.102 £ 0.001  0.088 = 0.004
50% Missing  0.105 & 0.002  0.094 = 0.002

Configuration Test Prediction
. . . . 0, iccl
Gaussian Distribution 8 10‘; xlssmg 0.093 i 0.004 0.079 i 0.003
. 20% Missing  0.091 % 0.002  0.080 = 0.003
LogNormaI DlsFrlbutlon 12 30% Missing  0.094 & 0.002  0.087 = 0.003
Poisson Distr. 12 40% Missing  0.095 4 0.001  0.085 + 0.001
50% Missing  0.099 + 0.001  0.091 + 0.003

| 2
»
» Total 3135 measurements
| 2
| 2

Q@ = 7 auxiliary covariates (X)

Ordinal 12

. (b) NRMSE
Categorical 36
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